Abstract. We give a necessary and sufficient condition for a special Lagrangian submanifold in C n constructed by Lawlor being also special Lagrangian in (C n , ω F S ), where ω F S is the Fubini-Study form.
Introduction
In [3] , McLean proved that the moduli space of compact special Lagrangian deformations in Calabi-Yau manifold is a smooth manifold of dimension of the 1 th Betti number b 1 of the special Lagrangian submanifold. Gross, Huybrechts and Joyce extended this result to almost Calabi-Yau case in [1] . The moduli space of non-compact special Lagrangian deformations in (almost) Calabi-Yau manifold is also studied. We construct a non-compact special Lagrangian submanifold in almost Calabi-Yau (C n , ω F S , dz 1 ∧ · · · ∧ dz n ). Our ambient spaces are always the complex Euclidean space C n with coordinates z j = x j + iy j and the standard almost complex structure J with J(∂/∂x j ) = ∂/∂y j . In C n , we consider the standard symplectic form ω st = (i/2) n j=1 dz j ∧ dz j , the Fubini-Study form ω F S = (i/2)∂∂ log(1+|z 1 | 2 +· · ·+|z n | 2 ) and the holomorphic (n, 0)-form Ω = dz 1 ∧· · ·∧dz n .
It is well known that special Lagrangian submanifolds in Calabi-Yau manifolds are area-minimazing. Furthermore, special Lagrangian submanifolds in almost Calabi-Yau manifolds are also area-minimazing with respect to a deformed metric cg, where c is some positive function and g is the Kählarian metric on the almost Calabi-Yau manifold. By the equation
we can see that one half of ω F S is ω st . So it is natural to try to construct a Lagrangian submainifolds in (C n , ω F S ) from the set of Lagrangian submanifolds in (C n , ω st ).
Let a 1 , . . . , a n > 0, ψ 1 , . . . , ψ n ∈ R be constants. Define r 1 , . . . , r n : R → R by r j (s) = 1/a j + s 2 , and φ 1 , . . . , φ n : R → R by
It is well know that the submanifold L in C n given by 
We put g F S the Fubini-Study metric. In the situation of Theorem 1.1, there exists a unique positive function c on C n such that the mean curvature vector of L with respect to the metric cg F S is equal to zero-vector for any point of L. It is well known that the mean curvature vector is equal to ∆F, where F is the position vector F : L → C n and ∆ is the Laplace operator with respect to the metric F * (cg F S ). So we get the following Corollary 1.2. Example 1.3. Let λ 1 , . . . , λ n , C ∈ R \ {0} be constants. Assume that λ j (λ j + C) > 0 for all j = 1, . . . , n. Then the submanifold given by . . , λ n , C ∈ R \ {0} be constants and ω j : I → C \ {0}, j = 1, . . . , n, smooth functions. We write ω j = r j e iφ j , for functions r j : I → (0, ∞) and φ j : I → R or R/2πZ. We define a submanifold Σ in R n by Σ = {(x 1 , . . . , x n ) ∈ R n ; n j=1 λ j x 2 j = C}, and a smooth map ι :
. Suppose the following mild conditions that
andφ j (s) > 0 for any s ∈ I and (x 1 , . . . , x n ) ∈ Σ. Then the submanifold L in C n given by
is an immersed Lagrangian submanifold in (C n , ω st ) if and only if
holds for any s ∈ I. Furthermore, L is immersed Lagrangian in both (C n , ω st ) and (C n , ω F S ) if and only if equation (2) and
Proof. Fix x = (x 1 , . . . , x n ) ∈ Σ and s ∈ I. Let e 1 , . . . , e n−1 be an orthonormal basis for T x Σ in R n , and write e j = (a j1 , . . . , a jn ) in R n for j = 1, . . . , n − 1. Let
. Then e n is unit normal vector to Σ at x in R n . Let e 1 , . . . , e n−1 be chosen so that det(e 1 , . . . , e n−1 , e n ) = 1, regarding e 1 , . . . , e n as column vectors, and (e 1 , . . . , e n ) as n × n matrix. Now e 1 , . . . , e n−1 , ∂/∂s is a basis for T (x,s) (Σ × I). Then we have ι * (e j ) = (a j1 ω 1 (s), . . . , a jn ω n (s)), for j < n, and ι * (∂/∂s) = (x 1ω1 (s), . . . , x nωn (s)). Then we compute det(ι * (e 1 ), . . . , ι * (e n−1 ), ι * (∂/∂s)) =
Since we have the assumption (1), we get det(ι * (e 1 ), . . . , ι * (e n−1 ), ι * (∂/∂s)) = 0. This implies that ι is an immersion. Put ω = ω st or ω F S . Define t : C n → C n by t(z 1 , . . . , z n ) = (e iφ 1 z 1 , . . . , e iφn z n ). Then we have t * ω = ω. Fix 1 ≤ j ≤ n − 1 and 1 ≤ k ≤ n − 1. We compute ω(ι * (e j ), ι * (e k )) =ω (x 1 ω 1 ,...,xnωn) ((a j1 ω 1 , . . . , a jn ω n ), (a k1 ω 1 , . . . , a kn ω n )) =ω t (x 1 r 1 ,. ..,xnrn) (dt (x 1 r 1 ,...,xnrn) (a j1 r 1 , . . . , a jn r n )
, dt (x 1 r 1 ,...,xnrn) (a k1 r 1 , . . . , a kn r n )) =(t * ω) (x 1 r 1 ,...,xnrn) ((a j1 r 1 , . . . , a jn r n ), (a k1 r 1 , . . . , a kn r n ))
=ω (x 1 r 1 ,...,xnrn) ((a j1 r 1 , . . . , a jn r n ), (a k1 r 1 , . . . , a kn r n )).
By the above calculation and the fact that the real form R n ⊂ C n is a Lagrangian in both (C n , ω st ) and (C n , ω F S ), we have ω(ι * (e j ), ι * (e k )) = 0. So in order to find the condition ι * ω = 0, we compute that of ω(ι * (e j ), ι * (∂/∂s)) = 0 for 1 ≤ j ≤ n − 1. We obtain ω(ι * (e j ), ι * (∂/∂s)) =ω (x 1 ω 1 ,...,xnωn) ((a j1 ω 1 , . . . , a jn ω n ), (x 1ω1 , . . . , x nωn ))
=ω (x 1 ω 1 ,...,xnωn) ((a j1 ω 1 , . . . , a jn ω n )
, (x 1 (ṙ 1 + ir 1φ1 )e iφ 1 , . . . , x n (ṙ n + ir nφn )e iφn ))
=ω (x 1 r 1 ,...,xnrn) ((a j1 r 1 , . . . , a jn r n ), J(x 1 r 1φ1 , . . . , x n r nφn )).
From the above calculation and ω st (·, J·) = ·, · , we have
Thus ι * ω st = 0 if and only if the equation (2) holds. This completes the proof of the first part of Lemma 2.1.
Put τ = n p,q=1z p z q dz p ∧ dz q . In C n with coordinates (z 1 , . . . , z n ), we have
Therefore ι * ω st = 0 and ι * ω F S = 0 if and only if the equation (2) and τ (ι * (e j ), ι * (∂/∂s)) = 0 hold for 1 ≤ j ≤ n − 1. Similarly to the calculation (5), we obtain τ (ι * (e j ), ι * (∂/∂s)) = τ (x 1 r 1 ,...,xnrn) ((a j1 r 1 , . . . , a jn r n ), J(x 1 r 1φ1 , . . . , x n r nφn )). From the above calculations and the assumptionφ j > 0, we can see that ι * ω st = 0 and ι * ω F S = 0 if and only if the equations (2) and (3) hold. This finishes the proof of Lemma 2.1.
By this Lemma, we obtain Theorem 1.1.
